A finite element formulation for flexure of a symmetrically laminated plate based on a higher-order displacement model and a three-dimensional state of stress and strain is presented here. The present higher-order theory incorporates linear variation of transverse normal strains and parabolic variation of transverse shear strains through the plate thickness, and as a result it does not require shear correction coefficients. A nine-noded Lagrangian parabolic isoparametric plate bending element is described. The applications of the element to bending of laminated plates with various loading, boundary conditions, and lamination types are discussed. The numerical evaluations also include the convergence study of the element used. The present solutions for deflections and stresses are compared with those obtained using the three-dimensional elasticity theory, closed-form solutions with another high-order shear deformation theory, and the Mindlin's theory. In addition, numerical results for a number of new problems, not available in the literature, are presented for future reference.
Introduction
Multilayered composites are important structural materials in weight sensitive aerospace applications, where high strength-to-weight and stiffness-to-weight ratios are desired. Such composites, idealized as orthotropic lamina, are bonded together to form a laminate and are used as structural components. The finite element formulation provides a convenient method of solution for such laminated composites having complex geometry and arbitrary loading as well as support conditions.
Analysis of such a laminate in the past has been based on one of the following two types of plate theories:
• The classical lcmination theory based on Kirchhoff hypothesis.
• First-order shear def~:~mation theories. In both theories it is assumed that the laminate is in a state of plane stress. The classical lamination theory [1, 2] , which is an extension of the classical thin plate theory [3, 4] to laminated plates, neglects the effects due to transverse shears and normal strain in the thickness direction. It was soon realised that these effects are more significant for laminated composite plates than for isotropic plates due to high ratio of in-plane modulus to transverse shear modulus. Further, it was also observed that the classical thin plate theory based on the so-called Kirchhoff hypothesis is computationany inefficient (C 1 continuous) from the point of view of simple finite element formulations [5, 6] . The errors in such a theory naturally increase as the plate aspect ratio (a/h < 10) decreases. For instance, in plates with aspect ratio less than ten and high degree of orthotropy, Ashton and Whitney [7] have reported enormous discrepancy in the results of the classical thin plate theory.
The shear deformation theories which include transverse shear deformation can be classified on the basis of the assumed fields as (i) stress-based theories and (ii) displacement-based theories. Reissner [8] and Mindlin [9] are the two pioneers to provide first-order shear deformable theories based on the assumed stresses and displacements variation through the thickness of the plate, respectively. Medwadowski [10] has extended Reissner's theory to orthotropic plates. Yang, Norris and Stavsky [11] , on the other hand, have extended Mindlin's theory to heterogeneous plates.
The foregoing theories provide a first-order basis for the consideration of the transverse shear deformations effect on the behaviour of isotropic, orthotropic, and heterogeneous plates and these also yield a C o continuous finite element formulation for the numerical analysis but have certain limitations:
• The transverse shearing strains/stresses are assumed constant through the plate thickness and a fictitious shear correction coefficient is introduced.
• The nonzero transverse shear stresses on the bounding planes of the plate are contradictory to the basic requirements for the equilibrium.
• The classical contradiction whereby the plates are assumed to be in a state of plane stress/strain remains unresolved. Reissner [12] and Lo, Christensen and Wu [13, 14] have presented a theory for plates based on assumed higher-order displacement field. Kant [15] has derived an isotropic version of the complete governing equation of such a theory based on the minimum potential energy principle and has also compared it with Mindlin theory through extensive numerical studies. A C o finite element formulation of this higher-order theory is presented by Kant, Owen and Zienkiewicz [16] . In this theory, the in-plane and the transverse displacements are expanded in the powers of the thickness coordinate (z) by Taylor series and the truncations are effected at the third and the second degrees, respectively. The theory thus incorporates:
• Quadratic variation of the transverse shearing strains (3~xz and Tyz) through the plate thickness, avoiding the introduction of a shear correction factor. • Linear variation of the transverse normal strain (ez) through the plate thickness • Consideration of the complete three-dimensional Hooke's law. Pandya and Kant [17] have extended this theory for generally orthotropic plates. The present work is a further development of this theory for flexure of symmetrically laminated anisotropic composite plates.
Recently, Bert [18] has presented an evaluation of various plate theories developed for laminated composites. Phan and Reddy [19] have presented a finite element formulation of a plate theory based on an assumed displacement field of Levinson [20] and Murthy [21] in w'lich in-plane displacements are expanded as cubic functions of the thickness coordinate while the transverse deflection is kept only a function of x and y as assumed in the classical shear deformation theories. Hence, implicit in this development is the use of only a partial constitutive relation which ignores the contributions and effects of transverse normal stress (cr~)/strain (e~). The higher-order functions used in the definition of the in-plane displacements are eliminated and expressed in terms of the usual physical lower-order displacement functions of the classical shear deformable theories by conditioning that the transverse shear stresses are zero on the bounding planes of the plates. The resulting formulation is seen to contain second-order derivatives of the transverse deflection (w) in the energy expression and consequently the displacement-based finite element formulation requires the use of computationally inefficient C t continuous shape functions. Further, for laminated composite plates, the evaluation of transverse shear stresses from the constitutive relations is not justified technically as it violates the continuity of transverse shear stresses at the interfaces. In addition, it is noted that for the laminated composite plates, the feasible and accurate prediction of transverse shear stresses are cumbersome [22] and can only be obtained from the stress equilibrium equations which satisfy both the requirements of zero transverse shear stresses on the bounding planes of the plate as well as transverse shear stress continuity at the interfaces.
An extremely important aspect in the design and manufacture of the fibre-reinforced laminates is the prediction of its failure mode(s) under the given set of load conditions. The delamination mode of the failure is now recognized as the most critical one [23] . This type of failure mode is due to interlaminar stresses 7xz, ~-yz, and also or~, which is not considered by Reddy [19] , Levinson [20] , and Murthy [21] . We believe the present formulation has the potential to predict all the six components of stresses and displacement components accurately. In order to demonstrate the accuracy and efficiency of the present finite element technique, solutions of problems for which analytical solutions [22, 24] are available are selected so that a comparison between the analytical and numerical solutions could be made. In addition, numerical results are presented for various other boundary conditions and loading cases, some of which may serve as bench marks for future investigators.
A higher-order theory for composite laminates
The development of the present theory starts with the assumption of the displacement field in the following form: 3 * V(x, y, z)= zOo(x, y)+ z o~ (x, y),
W (x, y, z)= w(x, y)+ z%*(x, y) , in which the various terms have the usual meaning except the terms 0 x , O r , and w* which are the corresponding higher-order terms in the Taylor-series expansion and are defined at the reference plane in the present theory [15, 16] . By substitution of these relations into the strain-displacement equations of the classical theory of elasticity [1] 
This may be w~ten in a compact form as
where cr and e are stress and strain vectors, respectively, with reference to plate axes (x, y, z) (see Fig. 1 ). The stiffness matrix Q with reference to plate axes is obtained from the stiffness matrix C with reference to fibre axes (1-2-3) by using the coordinate transformation matrix 7_' from the relation, Q = TCTt.
(4)
The elements of matrices _C, Q, and _T are defined in Appendices A, B, and C, respectively. Fig. 1 . Geometry of a four-layer symmetric laminate.
Integration through thickness of (3) with strain terms given by (2) gives the plate constitutive relations. The constitutive relations involving bending moments are given by 
(5b)
The elements of the moment vector M are defined as follows:
%J

M~y M~y
The constitutive relations involving shear forces are given by Q =~,;,, 
Finite element discretization
We follow the standard finite element discretization procedure in which the total solution domain/] is subdivided into 'ME' subdomains (elements)/~1,/~2,..., OME such that
e=l where H and H e are the total potential of the system and the element, respectively. We further express
in which U e and W e are the internal strain energy and the external work done expressions, respectively, and d is the vector of dependent displacement variables in the problem and is defined in the present case as:
In the C O finite element theory the continuum displacement vector within the element is discretized such that
i---I in which the term N~(x, y) is the interpolating (shape or basis) function associated with node i, d~ is the value of d corresponding to node i, and 'NE' is the number of nodes in the element. Equation (10) ensures that the approximate d is not only continuous within the element but over the entire domain since the same value of d is used for all the elements at the common nodes. Thus C o formulation makes the relation (7) a true one.
In the present analyses, the nine-noded quadrilateral from the Lagrangian family of two-dimensional C O continuous isoparametric elements with six degrees of freedom per node as per (9) is developed. With the generalized displacement vector d known at all points within the element as per (10), the generalized strain vector ~ at any point is expressed as follows: 
The elasticity matrix D is obtained by combining (5) and (6) as follows:
Upon evaluating the matrices D and _B as given by (11) and (12), respectively, the element stiffness matrix can be readily computed using the standard relation, l?f?
The computation of element stiffness matrix is economized by explicit multiplication of the matrices B i, D, and _Bj instead of carrying out the full matrix multiplication of the triple product and due to symmetry of the stiffness matrix, only the blocks ~j lying on one side of the main diagonal are formed [25] . 
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The consistent load vector P due to distributed load p can be written as:
The total potential energy//for the present theory 
Equation (14) for consistent load vector takes the following form suitable for numerical integration when transformed in the context of the energy expression (15) for the present theory:
where W a and W b are weighting coefficients, g is the number of numerical quadrature points in each direction and J_ is the standard Jacobian matrix.
The consistent load vector for a sinusoidal transverse load acting on top surface of the plate is obtained by the following substitution in (17):
where a and b are the plate dimensions, x and y are the Gauss point coordinates, and m and n are the usual harmonic numbers.
Numerical examples
A computer program incorporating the present higher-order theory is developed for the analysis of a symmetrically laminated composite plate. All the computations on the present theory are supported by Mindlin's theory [26] . In all the numerical examples, except for the convergence study, a quarter plate is discretized with four of the nine-noded Lagrangian quadrilateral elements. The selective integration scheme based on Gauss-Legendre product rules, namely 3 x 3 and 2 x 2, has been employed for flexural and shear contributions, respectively, for the computation of the element stiffness matrix. Mindlin's theory computations are with a shear correction factor of 5. For the present higher-order as well as Mindlin's theory, single values presented for transverse shear stresses represent the one obtained from equilibrium equations. To study the difference in shear stresses obtained from equiiibri:~m equations and the constitutive relation, both the values are presented for few examples. The values given within parentheses refer to those obtained using the plate constitutive relations,,. The boundary conditions for different types of supports considered in the present study wit~l the higher-order theory are as follows: Multiplying factors for central point load (P) can be obtained by replacing po a2 by P. The material properties considered for all the numerical examples are:
Unless otherwise specified within the table(s) the locations (i.e. x-, y-, and z-coordinates) for critical values of displacements and stresses for the present evaluations are as follows:
Transverse displacement (w): (0.5a, 0.5a, 0) ; In-plane normal stress (or x):
In-plane normal stress (or y):
In-plane shear stress 0"xy): Tables 1 and 2 for side-to-thickness ratios (a/h) of 10 and 100, respectively. The convergence of centre deflections is shown graphically in Fig. 2 . It is clear from this figure that the 2 x 2 mesh in a quarter plate gives sufficiently accurate prediction of displacements and hence the stresses. It is advised to use refined mesh for better transverse shear stress predictions. Table 1 Convergence of deflections and stresses in a simply supported four layer cross-ply (0°/90°/90°/0°) square laminate under sinusoidal transverse load (hi = -~h, i = 1,..., 4 and a/h = 10)
Source Present higher-order theory
Higher-order shear deformation theory [22] Mesh size in quarter plate Table 2 Convergence of deflections and stresses in a simply supported four layer cross-ply (001900190010 °) square laminate under sinusoidal transverse load (hi = }h, i = 1,..., 4 and a/h = 100)
Higher-order shear deformation theory [22] Mesh size in quarter plate 
EXAMPLE 4.2.
To validate the present higher-order theory and Mindlin's theory through comparisons with three-dimensional elasticity solution and closed-form solutions of various plate theories, a simply supported square laminated cross-ply plate (0 °/90 °/90 °/0 °) made up of four equally thick laminas subjected to a sinusoidal transverse load is considered. The numerical results are presented in Table 3 for thin to moderately thick plates. This comparative study proves the accuracy of the present higher-order theory to predict the displacements as well as the stresses. The central transverse deflection variation with the aspect ratio (a/h) is presented in Fig. 3 . The variation of in-plane normal stress in the fibre direction (or x) with the aspect ratios for the present higher-order and Mindlin's theory is presented in Fig. 4 . Similarly, the results for a simply supported square laminated cross-ply plate (0°/900/0 °) made up of three equally thick laminas subjected to uniform pressure and a central point load are presented in Tables 4 and 5 Tables 7 and 8 , respectively. In this example, the total thickness of zero-degree layers and the ninety-degree layers is the same. 
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a Maximum value occurs at (0.4718a, 0.2218a, ~h). Table 5 Deflections and stresses in a simply supported three layer cross-ply (00/900/0 °) square laminate under central point load (hi -~h, i = 1,... Table 7 Deflections and stresses in a just supported seven layer cross-ply (0°190°10°190°10°/90°10") square laminate under Table 9 Deflections and stresses in a just supported three layer cross-ply (0°/90°/0 °) square laminate under sinusoidai transverse load (h i = -~h, i --1, ... Table 11 Deflections and stresses in a just supported three layer cross-ply ( Table 12 Deflections and stresses in a clamped three layer cross-ply (0°/90°/0 °) square laminate under sinusoidal transverse load (hi = ½h, i = 1, Table 15 for a plate with aspect ratio of 10. The variations of centre deflection (w), in-plane normal and shear stresses (crx, cry, ~xy), and transverse shear stresses (~z, ~yz) with the bidirectional layer thickness ratios are presented in Figs. 9-14 , respectively.
$. Conclusions
A refined higher-order theory and Mindlin's theo~ are used for flexural analysis of symmetrically laminated square composite plates. A C o continuous finite element model of the present higher-order theory is developed and validated by comparisons with the available three-dimensional elasticity and the closed-form plate solutions. It is reasonably clear from the convergence study that a two by two mesh with 9-noded Lagrangian quadrilaterals in a quarter plate gives sufficiently accurate predictions of displacement and stresses for all practical purposes. Numerical results are presented for various commonly used boundary conditions and loading cases, some of which should serve as benchmarks for future investigators. The result of Example 4.5 may be of importance to the designers in the field of laminated composite constructions. The effects of neglecting shear deformation (as in classical lamination theory) and considering constant shear deformation (as in classical first-order shear deformation Mindlin-Reissner theories) on the response of laminated composite plates are investigated for thin to moderately thick plates. In contrast to the classical shear deformation theories, the present higher-order theory does not require shear correction coefficient due to more realistic representation of the cross-sectional deformation. In addition, the present theory includes the effect of direct normal stress in the thickness direction (cry) which is, though negligible, very important to study the delamination mode of failure in laminated composites. The basic foundations of this theory for the laminated anistropic composite plates, the resulting C O finite element formulation, and most of the numerical results are being presented for the first time. 
Appendix C
The stresses/strains expressed in the fibre and the plate axes are related by the following relation: Crx = _Tcrl, ex -T~I,
